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We study, both classically and quantum mechanically, the problem of a neutral particle with a spin
angular momentumS, mass m, and magnetic momentm, moving in one dimension in an
inhomogeneous magnetic field given byB5B0ẑ1B'8 xŷ. This problem serves for us as a toy model
to study the trapping of neutral particles. We identifyK[A@S2(B'8 )2/mmB0

3#, which is the ratio
between the precessional frequency of the particle and its vibrational frequency, as the relevant
parameter of the problem. Classically, we find that whenm is antiparallel toB, the particle is trapped
provided thatK,0.5. We also find that viscous friction, be it translational or precessional,
destabilizes the system. Quantum mechanically, we study the problem of a spinS5\/2 particle in
the same field. TreatingK as a small parameter for the perturbation from the adiabatic Hamiltonian,
we find that the lifetimeTesc of the particle in its trapped ground state isTesc5(Tvib/2p)
3(1/A8pK)exp(2/K), whereTvib52pAmB0 /m(B'8 )2 is the classical period of the particle when
placed in the adiabatic potentialV5muBu. © 2000 American Association of Physics Teachers.

I. INTRODUCTION

A. Magnetic traps for neutral particles

Recently there has been rapid progress in techniques for
trapping samples of neutral atoms at elevated densities and
extremely low temperatures. The development of magnetic
and optical traps for atoms has proceeded in parallel in recent
years, in order to attain higher densities and lower
temperatures.1–5 We should note here that traps for neutral
particles have been around much longer than their realiza-
tions for neutral atoms might suggest, and the seminal papers
for neutral particle trapping are to be found in discussions of
neutron traps, developed primarily by Paul and
collaborators6,7 and discussed also by several other
authors,8–11 and from the extensive literature on magnetic
confinement of plasmas.12–14For both of these techniques, as
for neutral atom traps,15 the confining force originates from
the interaction between a magnetic moment and a nonuni-
form static field.

Microscopic particles are not the only candidates for mag-
netic traps. In fact, a vivid demonstration of trapping large-
scale objects is the hovering magnetic top.16–19 This inge-
nious magnetic device, which hovers in mid-air for about 2
min, has been studied recently by several authors.20–24

B. Qualitative description

The physical mechanism underlying the operation of mag-
netic traps is the adiabatic principle. The common way to
describe their operation is in terms ofclassicalmechanics:
As the particle is released into the trap, its magnetic moment
points antiparallel to the direction of the magnetic field.
While inside the trap, the particle experiences lateral oscilla-
tions vvib which are slow compared to its precessionvprec.
Under this condition the spin of the particle may be consid-
ered as experiencing aslowly rotating magnetic field. Thus
the spin processes around thelocal direction of the magnetic
field B ~adiabatic approximation! and, on the average, its
magnetic momentm pointsantiparallel to the local magnetic

field lines. Hence, the magnetic energy, which is normally
given by 2m•B, is now given~for small precession angle!
by muBu. Thus the overall effective potential seen by the
particle is

Veff.muBu. ~1!

In the adiabatic approximation, the spin degree of freedom is
rigidly coupled to the translational degrees of freedom, and
is already incorporated in Eq.~1!. Thus, under the adiabatic
approximation, the particle may be considered as having
only translational degrees of freedom. When the strength of
the magnetic field possesses aminimum, the effective poten-
tial becomes attractive near that minimum and the whole
apparatus acts as a trap.

As mentioned above, the adiabatic approximation holds
whenevervprec@vvib . As vprec is inversely proportional to
the spin, this inequality can be satisfied provided that the
spin of the particle is small enough. If, on the other hand, the
spin of the particle is too large, it cannot respond fast enough
to the changes of the direction of the magnetic field. In this
limit vprec!vvib , the spin has to be considered as fixed in
space and, according to Earnshaw’s theorem,25 becomes un-
stable againsttranslations. Note also thatvprec is propor-
tional to the fielduBu. To preventvprec from becoming too
small, resulting in spin-flips~Majorana transitions!, most
magnetostatic traps include abias field, so that the effective
potentialVeff possesses anonvanishingminimum.

C. The purpose and structure of this paper

The discussion of magnetic traps in the literature is, al-
most entirely, done in terms ofclassicalmechanics. In mi-
croscopic systems, however, quantum effects become domi-
nant, and in these casesquantum mechanicsis suited for the
description of the trap.26 An even more interesting issue is
the understanding of how the classical and quantum descrip-
tions of agiven system are related. In this paper we study,
both classically and quantum mechanically, the quantitative

334 334Am. J. Phys.68 ~4!, April 2000 © 2000 American Association of Physics Teachers
 This article is copyrighted as indicated in the article. Reuse of AAPT content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:

139.141.167.6 On: Mon, 18 Jan 2016 19:09:26



nature of magnetic trapsanalytically. In particular, we de-
velop a method for calculating thelifetime of the particle in
the special situation where there is no potential barrier. In
order to keep the underlying physics transparent, we devise a
simplified 1D model for the inhomogeneous magnetic field
of such traps. Note that the essential physics of the dynamic
of the spin of the particle, as well as the scaling of the life-
time, is unchanged whether in three dimensions or one di-
mension. We also neglect the effect of interactions between
the particles in the trap and so we analyze the dynamics of a
single particle inside the trap. For simplicity, the particle is
considered to have only a single translational degree of free-
dom. Its spin degree of freedom, on the other hand, is taken
completely into account.

The structure of this paper is as follows: In Sec. II we start
by defining the system we study, together with useful param-
eters that will be used throughout this paper. Next, we carry
out a classical analysis of the problem in Sec. III. Here, we
find two stationary solutions for the particle inside the trap.
One of them corresponds to a state whose spin isparallel to
the direction of the magnetic field whereas the other one
corresponds to a state whose spin isantiparallel to that di-
rection. When considering the dynamical stability of these
solutions, we find that only theantiparallel stationary solu-
tion is stable. We also study the same problem but with
viscous friction added, and arrive at the interesting result that
friction destabilizesthe system. In Sec. IV we reconsider the
problem, from a quantum-mechanical point of view. Here,
we also find states that refer toparallel andantiparallel ori-
entations of the spin, one of them being bound while the
other one unbounded. In this case, however, these two states
are coupleddue to the inhomogeneity of the field, and we
move on to calculate thelifetime of the bound state. Finally,
in Sec. V we compare the results of the classical analysis
with those of the quantum analysis and comment on their
implications for practical magnetic traps.

II. DESCRIPTION OF THE PROBLEM

We consider a particle of massm, magnetic momentm,
and intrinsic spin angular momentumS ~aligned with m!
moving in 1D space in an inhomogeneous magnetic fieldB
given by

B5B0ẑ1B'8 xŷ. ~2!

This field possesses a nonzero minimum of amplitude at the
origin, which is the essential part of the trap. Note also that
the direction of the field twists~or curls! as one moves along
the x axis. The Hamiltonian for this system is

H5
P2

2m
2m•B, ~3!

whereP is the momentum of the particle.
We definevprec as the precessional frequency of the par-

ticle when it is at the originx50. Since at that point the
magnetic field isB5B0ẑ we find that

vprec[
mB0

S
. ~4!

Next, we definevvib as the small-amplitude vibrational fre-
quency of the particle when it is placed in the adiabatic po-
tential field with its magnetic moment antiparallel to the
field, given by

V~x!5muB~x!u5mB0S 11
1

2 S B'8

B0
D 2

x2D 1O~x4!.

For this potential we have

k5
]2V

]x2U
x50

5m
~B'8 !2

B0
,

and therefore

vvib[Ak

m
5A~B'8 !2m

mB0
. ~5!

We also define the ratio betweenvvib andvprec,

K[
vvib

vprec
5AS2~B'8 !2

mmB0
3 . ~6!

This will be our ‘‘measure of adiabaticity.’’ It is clear that as
K becomes smaller and smaller, the adiabatic approximation
becomes more and more accurate. Note that when the bias
field B0 vanishes,K becomes infinite, and the adiabatic ap-
proximation fails. We will later show that, under this condi-
tion, the system becomesunstableagainst spin flips, which is
in agreement with our discussion at the beginning. This
shows that the introduction of the bias fieldB0 is essentialto
the operation of the trap with regard to spin-flips~Majorana
transitions!. Note also thatK is the only possibility to form a
nondimensional quantity~up to an arbitrary power! out of the
parameters of the system. The value ofK, therefore, com-
pletely determines the behavior of the system.

III. CLASSICAL ANALYSIS

A. The stationary solutions

We denote byn̂ a unit vector in the direction of the spin
~and the magnetic moment!. Thus the equation of motion for
the center of mass of the particle is

m
d2x

dt2
5m

]

]x
~ n̂•B!, ~7!

and the evolution of its spin is determined by

S
dn̂

dt
5mn̂3B. ~8!

The two equilibrium solutions to Eqs.~7! and ~8! are

n̂~ t !57 ẑ ~9!

with

x~ t !50, ~10!

representing a motionless particle at the origin with its mag-
netic moment~and spin! pointingantiparallel @ n̂(t)52 ẑ# to
the direction of the field at that point, and a similar solution
but with the magnetic moment pointingparallel to the direc-
tion of the field@ n̂(t)51 ẑ#.

B. Stability of the solutions

To check the stability of these solutions we now add first-
order perturbations. We set

n̂~ t !57 ẑ1ex~ t !x̂1ey~ t !ŷ,
~11!x~ t !501dx~ t !,
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@note that, to first order, the perturbationdn̂5ex(t) x̂
1ey(t) ŷ is taken to beorthogonalto the value ofn̂ for the
stationary solutionn̂057 ẑ, sincen̂ is a unit vector# substi-
tute these into Eqs.~7! and ~8!, and retain only first-order
terms. We find that the resulting equations fordx(t), ex(t),
andey(t) are

d2dx

dt2
5

mB'8

m
ey ,

dex

dt
5

m

S
~eyB06B'8 dx!, ~12!

dey

dt
52

m

S
exB0 .

We now look for oscillatory~stable! solutions for these equa-
tions. Setting

dx5dx0eivt, ex5ex,0e
ivt, ey5ey,0e

2 ivt,

inside Eqs.~12! yields

~13!

This equation has nontrivial solutions whenever the determi-
nant of the matrixM vanishes. Thus the secular equation

K2

vvib
4 detM52K2S v

vvib
D 4

1S v

vvib
D 2

7150 ~14!

determines the eigenfrequenciesv of the various possible
modes. When thelower sign is taken in Eq.~14!, correspond-
ing to a spinparallel to the magnetic field, we find that one
of the roots forv2 is purely negative. This indicates that one
of the roots forv has a positive imaginary part forany Kand
hence, the solution is unstable. We concentrate now on the
other possible solution, corresponding ton̂(t)52 ẑ: Here,
the solutions forv2 are given by

v25S 1

2K2 6
A124K2

2K2 Dvvib
2 . ~15!

For K→0, the slow mode~minus sign! represents the vibra-
tion of the particle in the adiabatic potential, and the fast
mode~plus sign! represents the precession of the spin about
the ẑ component of the magnetic field, as is shown explicitly
by the form of the eigenvectors. The general form of these
eigenvectors may be written in terms of an arbitrary ampli-
tude parameterA as

S dx0

ex,0

ey,0

D 5S B0

B'8
S vvib

v D 2

2 iK
v

vvib

21

D A, ~16!

which for smallK reduces to

S dx0

ex,0

ey,0

D
vib

5S B0

B'8

2 iK

21

D ~17!

for the vibrational mode, and to

S dx0

ex,0

ey,0

D
prec

5S B0

B'8
K2

2 i

21

D ~18!

for the precessional mode. From Eq.~17! we learn that in the
vibrational mode, the amplitudes of the translational motion
of the particle and they component of its spin are large
compared to the amplitude of thex component of the spin.
Furthermore, the ratio (dx0 /ey,0)vib52B0 /B'8 shows that
the amplitudesdx0 andey,0 are related in such a manner that
the direction of the spin isantiparallel to the direction of the
local magnetic field. Equation~18! for the precessional mode
tells us that the amplitude of the translational motion of the
particle is negligible; thus in this mode the particle is essen-
tially fixed and its spin precesses around the direction of the
magnetic field at the origin. Due to the coupling between the
translational and the precessional degrees of freedom, the
mode frequencies given in Eq.~15! change with increasing
K.

A stable solution requires that all mode frequenciesv be
real. Consequently, stability means that the roots forv2 are
real and positive. From Eq.~15! we find that this happens
when

K,0.5. ~19!

For the following discussion it is also useful to note that in
the regionK,0.5,

vvib
2 ,v2,2vvib

2 for the vibrational mode,
~20!

v2.2vvib
2 for the precessional mode.

Figure 1 shows the real and imaginary parts of the fre-
quenciesv of the two modes as a function ofK. We note that
when K,0.5, the imaginary parts of both frequencies van-
ish, indicating a stable solution. The mode with the lower
frequency goes asymptotically tov→vvib whenK→0. This
is the vibrational mode. The mode corresponding to the
higher frequency goes asymptotically tov→vprec5vvib /K
asK→0. This is theprecessionalmode whose frequency, as
we mentioned earlier, is inversely proportional to the spin.
When K.0.5, both solutions forv2 possess an imaginary
part and the system becomes unstable. This corresponds, in
particular, to the case whereB050 for which K5`.

C. The excitation energy of the modes

The excitation energyj of a given mode is defined as the
difference between the energy of the mode and the energy of
the stationary state,

j52mn̂•B1
1

2
mS ddx

dt D 2

2mB0 . ~21!
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Note that the energy is bilinear in the coordinates and hence,
one cannot neglect thez component of the spin. Instead, one
must set

n̂• ẑ52A12~ex
21ey

2!.2~12 1
2~ex

21ey
2!!.

Thus the correct expression of the energy for small ampli-
tudes is

j.2mS 1

2
~ex

21ey
2!B01B'8 dxeyD1

1

2
mS ddx

dt D 2

. ~22!

In this expression, the modes have to be written in real form,

dx~ t !5
B0

B'8
S vvib

v D 2

A cos~vt !, ~23!

ex~ t !52K
v

vvib
A sin~vt !, ~24!

ey~ t !52A cos~vt !. ~25!

Substituting Eqs.~23!–~25! into Eq. ~22! and using Eq.~14!
one finds that

j

mB0
5

2vvib
2 2v2

2v2 A2. ~26!

Using Eq.~20! we conclude that for 0,K,0.5, the excita-
tion energy of the vibrational mode ispositive while the
excitation energy of the precessional mode is alwaysnega-
tive. At the pointK50.5, where the two modes coalesce, the
excitation energy vanishes. We will further refer to these
observations in Sec. III D.

D. The effect of viscous friction

When friction is introduced into the system, the equations
of motion become

m
d2x

dt2
5m

]

]x
~ n̂•B!2r t

dx

dt
~27!

and

S
dn̂

dt
5mn̂3B2r pn̂3

dn̂

dt
, ~28!

where r t and r p are translational and precessional friction
coefficients, respectively. The second term on the right-hand
side of Eq. ~28! is the spin-damping contributed by the
changein the direction of the spin fromn̂ to n̂1dn̂. Since,
by definition, n̂ is a unit vector,dn̂ is perpendicular ton̂.
Thus, V'5udn̂/dtu is the angular velocity associated with
the change ofn̂. Since the direction ofV' must be perpen-
dicular to bothdn̂ and n̂ we form the cross productV'

5n̂(dn̂/dt), which incorporates both the correct value and
the right direction. MultiplyingV' by r p yields the spin-
damping term.

To first order inr r andr t the secular equation in this case
is given by

K2vn
41 ivn

3 K

S F S B0

B'8
D 2

r tK
222r pG

2vn
21 ivn

K

S F r p2S B0

B'8
D 2

r tG1150, ~29!

where we defined

vn[
v

vvib

to make the expression simple. Letvn,0 be the eigenfrequen-
ciesvn of the frictionless problem, given by Eq.~14!. When
adding a small friction to the problem, the eigenfrequencies
change by a small amountdvn . We find an approximate
expression fordvn by expanding Eq.~29! aroundvn,0 to
first order indvn and making use of Eq.~14!. This gives

dvn5
iK

2S S r pvn,0
2 ~2vn,0

2 21!1r t~B0 /B'8 !2

vn,0
2 22 D 1O~r 2!.

~30!

Equation~30! has an interesting consequence: From Eq.
~20! we find that the numerator in Eq.~30! is positive for
both modes while the denominator is negative for the vibra-
tional mode and positive for the precessional mode. We
therefore conclude that friction,either translationalor pre-
cessional, stabilizes the vibrational motion and, simulta-
neously, destabilizes the precessional motion. Of course, the
system altogether becomesunstable.

The fact that spin damping leads to an exponential growth
of the fast mode is no surprise in view of its negative exci-
tation energy. Also, the exponential decay of the slow mode
due to translational friction is to be expected on account of
its positive excitation energy. Whatis important is the fact
that due to the coupling between translation and precession,
translational friction causes an exponential growth of the
fastmode, with a growth time which, compared to the effect
of spin damping, is smaller by a factor ofr tK

2S2/mmrpB0
2 in

the limit of smallK.

IV. QUANTUM-MECHANICAL ANALYSIS

A. The Hamiltonian and its diagonalized form

In this section we consider the problem of a neutral par-
ticle with spinS5\/2 in a 1D inhomogeneous magnetic field

Fig. 1. Real and imaginary parts of the mode frequencies as a function ofK.
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from a quantum-mechanical point of view. Unlike the clas-
sical analysis, in which the derivation was valid for any
value of the adiabaticity parameterK, we concentrate here on
the behavior of the system whenK is small. We choose to
analyze the case of a spin 1/2 particle because this case al-
ready shows the essentials of the quantum-mechanical prob-
lem. Note also that, quantum mechanically, the magnetic
momentm and the spinS of a particle are related by

m5gS,

whereg is the gyromagnetic ratio of the particle. Settingm
5gS andS5\/2 in Eq. ~6! gives

K5A\~B'8 !2

2gmB0
3.

Now, it is convenient to express the dependence of the
magnetic field onx in terms of its amplitudeB(x) and its
direction u(x) with respect to theẑ axis. Thus, Eq.~2! is
rewritten as

B5B~x!~sin@u~x!# ŷ1cos@u~x!# ẑ!, ~31!

where

B~x!5B0A11S B'8 x

B0
D 2

,

~32!

u~x!5arctanS B'8 x

B0
D .

The time-independent Schro¨dinger equation for this system
is

F2\2

2m

]2

]x22mB~x!~sin@u~x!#ŝy1cos@u~x!#ŝz!GC~x!

5EC~x!, ~33!

whereŝy and ŝz , together withŝx which is used later, are
the Pauli matrices given by

ŝx5S 0 1

1 0D , ŝy5S 0 2 i

i 0 D , ŝz5S 1 0

0 21D ,

E is the eigenenergy, andC is the two-component spinor

C5S c↑~x!

c↓~x! D . ~34!

In matrix form Eq.~33! becomes

~HK1HM !S c↑~x!

c↓~x! D5ES c↑~x!

c↓~x! D , ~35!

whereHK andHM , given by

HK[
2\2

2m S ]2

]x2 0

0
]2

]x2

D ,

~36!

HM[mB~x!S 2cos@u~x!# i sin@u~x!#

2 i sin@u~x!# cos@u~x!#
D ,

are the kinetic part and the magnetic part of the Hamiltonian
H, respectively.

In order to diagonalize the magnetic part of the Hamil-
tonian, we make a localpassivetransformation of coordi-
nates on the wave function such that the spinor is expressed
in a new coordinate system whoseẑ axis coincides with the
direction of the magnetic field at the pointx. We denote by
R(x) the required transformation and setC85RC. ThusC8
represents thesamedirection of the spin as before the trans-
formation but using thenewcoordinate system. The Hamil-
tonian in this newly defined system is clearly given by
RHR21. In the case of the magnetic field given in Eq.~31!,
the required operation is a rotation by an angleu(x) around
the 2 x̂. The operator that affects the wave function in this
manner is27

R5expF2 i
u

2
ŝxG5cos~u/2!2 i ŝx sin~u/2!,

while its inverse is given by

R215expF i
u

2
ŝxG5cos~u/2!1 i ŝx sin~u/2!.

It is easily verified that the transformation indeed diagonal-
izes the magnetic part of the Hamiltonian,

RHMR2152mB~x!ŝz .

For the kinetic part we find

RHKR2152
\2

2m F ]2

]x22
1

4 S du

dxD
2

1 i S du

dx

]

]x
1

1

2

d2u

dx2D ŝxG .
Note that

i S du

dx

]

]x
1

1

2

d2u

dx2D ŝx

is Hermitian.
Thus the Hamiltonian of the system in the rotated frame

may be written as

H5Hdiag1H int , ~37!

where

Hdiag52
\2

2m F ]2

]x22
1

4 S du

dxD
2G2mB~x!ŝz ,

~38!
H int52 i

\2

2m S du

dx

]

]x
1

1

2

d2u

dx2D ŝx .

The first part of the HamiltonianHdiag is diagonal. It contains
the kinetic part;]2/]x2, a term whose form is7mB(x),
6mB(x), which is to be identified as the adiabatic effective
potential, and a term;(du/dx)2, which appears due to the
rotation. The second part of the HamiltonianH int contains
only nondiagonal components. These will be shown to be of
orderO(K) and hence may be regarded as a small perturba-
tion. We proceed to find the eigenstates ofHdiag.

B. Stationary states ofH diag

Since Hdiag is diagonal, the two spin states of the wave
function are decoupled. We then seek a solution of the form

C↓5S 0
c↓~x! D , E5E↓ , ~39!

referred to as thespin-downstate, and another solution
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C↑5S c↑~x!

0 D , E5E↑ , ~40!

which we call thespin-upstate.
The equation for the nonvanishing component of the spin-

down state is given by

F2
\2

2m S ]2

]x22
1

4 S du

dxD
2D1mB~x!Gc↓5E↓c↓ , ~41!

whereas the equation for the nonvanishing component of the
spin-up state is

F2
\2

2m S ]2

]x22
1

4 S du

dxD
2D2mB~x!Gc↑5E↑c↑ . ~42!

We now show that in the limit of smallK we can neglect
the term;(du/dx)2 in both Eqs.~41! and~42!: We compare
the order of magnitude of the termmB(x) to that of the term
\2(du/dx)2/8m. Using Eq.~32! it can be easily shown that
the maximum value ofdu/dx is B'8 /B0 whereas the mini-
mum value ofmB(x) is mB0 . Thus

mB~x!umin

S \2

8m S du

dxD
max

2 D 5
8mmB0

3

~B'8 !2\2 5
2

K2 ,

and we reach the conclusion that whenK is small enough we
can neglect the term;(du/dx)2. Under this approximation,
Eqs.~41! and ~42! simplify to

F2
\2

2m

]2

]x2 1mB~x!Gc↓5E↓c↓ ~43!

and

F2
\2

2m

]2

]x22mB~x!Gc↑5E↑c↑ . ~44!

The approximate solutions of these equations are outlined
in Secs. IV B 1 and IV B 2.

1. Stationary spin-down states

Equation~43! represents a particle in a symmetricattrac-
tive potential. If the extent of the wave function is small
enough, we can expandB(x) to second order inx,

B~x!.B0F11
1

2 S B'8 x

B0
D 2G , ~45!

and apply the well-known solution of a harmonic oscillator
in one dimension. We now derive the condition for which
this approximation is valid: We recall that the ground-state
wave function of the harmonic oscillator is given by28

c↓~x!5S mvvib

p\ D 1/4

expF2
mvvibx

2

2\ G . ~46!

The extent of this wave function over which it changes ap-
preciably is given by

Dx↓;A 2\

mvvib
, ~47!

whereas the extent over whichmB(x) changes significantly
@see Eq.~32!# is

DxmB;B0 /B'8 . ~48!

Thus the ratio between these two length scales is

Dx↓
DxmB

;A2\~B'8 !2

mvvibB0
2;AK. ~49!

We therefore conclude that whenK is small enough, the
harmonic approximation is justified. The wave function
c↓(x), given by Eq.~46!, then represents the lowest possible
bound state for this system. This state corresponds to a
trappedparticle. The energy of this state is clearly

E↓5mB01
\

2
vvib5mB0~11K !.mB0 , ~50!

while its full spinor representation is

C↓5S 0

S mvvib

p\ D 1/4

expF2
mvvibx

2

2\ G D . ~51!

2. Stationary spin-up states

Equation~44! describes a particle in arepulsivepotential.
It corresponds to an unbounded state representing anun-
trappedparticle. In this case there is a continuum of states,
each with its own energy. As we are interested in nonradia-
tive decay, we focus on finding a solution with an energy
which isequalto the energy found for the trapped state, that
is

E↑5E↓.mB0 . ~52!

SinceHdiag is symmetric underx→2x, to each energy in the
continuous spectrum there belongs one state withevenparity
and one state withodd parity. Further,H int connects states
with oppositeparity only. Therefore, since the spin-down
ground state isevenin x, we need the spin-up state withodd
parity.

When evaluating the lifetime in Sec. IV C, we compute the
matrix element ofH int between the statesc↑(x) andc↓(x).
Thus most of the contribution to this integral comes from the
region in x where c↓(x) is substantial. According to Eq.
~49!, mB(x) changes very little in this range and, as a first
approximation, we may take the potential in this region as
uniform,

mB~x!.mB0 , ~53!

in Eq. ~44!, and then its solution becomes

c↑~x!5C sinSA4mmB0

\
xD , ~54!

with the full spinor representation

C↑~x!5S C sinSA4mmB0

\
xD

0
D . ~55!

Here,C is the normalization constant which is chosen to be
real.

The approximate wave function given in Eq.~54! is peri-
odic near the origin, and has a period of

Dx↑5
p\

AmmB0

. ~56!

Comparing it toDx↓ given in Eq.~47!, we find that
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Dx↑
Dx↓

;AK, ~57!

which shows that, whenK!1, the wave functionc↑(x) ex-
ecutes many oscillations in the region wherec↓(x) is appre-
ciable.

C. The lifetime

To evaluate the lifetimeTesc of the particle in its trapped
state, which is the average time it takes for the particle to
escape, we calculate the transition rate from the bound state
given by Eq.~51! to the unbounded state Eq.~55!, according
to Fermi’s golden rule.29 Thus

1

Tesc
5

2p

\
uH↑,↓u2r~E↑!, ~58!

where

H↑,↓5E
2`

1`

C↑
†H intC↓ dx

5
2 i\2

2m E
2`

1`

dx c↑* ~x!S 1

2

d2u

dx2 1
du

dx

]

]xDc↓~x!

~59!

is the matrix element ofH int Eq. ~38! betweenC↓ andC↑ ,
and r(E↑) is the density of the final states~whose matrix
element withc↓ does not vanish! at energyE↑ .

Using Eqs.~46! and ~32! we find that

1

2

d2u

dx2 c↓

du

dx

]c↓
]x

;

S B'8

B0
D 2

B'8

B0
SAmvvib

2\ D ;AK.

Thus whenK is small we may neglect the contribution of
d2u/dx2 to the integral Eq.~59! and then we find that

H↑,↓52
i\2

2m E
2`

1`

dx c↑* ~x!
du

dx

]c↓~x!

]x
. ~60!

The integrand in Eq.~60! consists of a product of three
functions: the function]c↓ /]x whose ‘‘width’’ is aboutDx↓
@given in Eq. ~47!# around the origin, the functiondu/dx
whose extent around the originDxmB is roughlyA1/K larger
thanDx↓ , and the functionc↑ which is aperiodic function
with a characteristic periodDx↑ which is AK smaller than
Dx↓ . This suggests that we can approximate the integral in
Eq. ~60! by substitutingdu/dx for its value atx50,

du

dx
.

B'8

B0
. ~61!

Substituting Eqs.~61!, ~46!, and~54! into Eq. ~60! gives

H↑,↓.
i\2

2m
CS B'8

B0
D 2S 4p\

mvvib
D 1/41

K
expF2

1

KG , ~62!

where we have used the definite integral

E
2`

1`

e2ax2
x sin~bx!dx5Ap

a

b

2a
expF2

b2

4aG . ~63!

When Eq. ~62! is substituted into Eq.~58! the term
C2r(E↑) appears. This term can be calculated by tempo-

rarily introducing suitable boundary conditions: Assume that
the system is bounded by an infinite potential well atx
56L/2, the lengthL being large compared toDx↓ yet small
when compared toDxmB . In this case, the uniform potential
approximation still holds, and we may use the well-known
result for the density of states for a particle in a 1D infinite
potential well. We need the density of states withoddparity,
which is given by

r~E↑5mB0!5
1

2
A mL2

2p2\2~E↑1mB0!

5A mL2

16p2\2mB0
. ~64!

The evaluation of the normalization constantC gives

C252/L, ~65!

and therefore

C2r~E↑!5A m

4p2\2mB0
. ~66!

Finally, using Eqs.~66! and ~62! inside Eq.~58! gives

Tesc5
1

vvib

1

A8pK
expF 2

KG5
Tvib

2p

1

A8pK
expF 2

KG , ~67!

where Tvib52p/vvib is the period of classical oscillations
inside the trap.

Looking back at the calculation of the matrix element, Eq.
~62!, one realizes that for smallK the wave functionc↑
oscillates strongly in the region where the wave functionc↓
is essentially different from zero. Thus successive subinter-
vals compensate each other very effectively, and it is pos-
sible that the regionsuxu.Dx↓ , where thex dependence of
the potential becomes important, contribute more effectively
to the integral than the simple estimates indicate. We have
therefore carried out a more accurate calculation, using the
Wentzel–Kramers–Brillouin ~WKB! approximation,30

which takes thex dependence of the potential into account.
The calculation, which is given in the Appendix, yields the
result

Tesc.
1

vvib

1

ApK
expF p

2KG , ~68!

which does indeed differ from Eq.~67! not only by the pre-
factor, being 1/A8pK in Eq. ~67! and 1/ApK in Eq. ~68!, but
even by the exponent, which is 2/K in Eq. ~67! andp/2K in
Eq. ~68!.

V. DISCUSSION

Summarizing all we have found, we conclude that the
problem we have studied has three important time scales:
The shortest time scale isTprec, which is the time required
for one precession of the spin around the axis of the local
magnetic field. The intermediate time scale isTvib

5Tprec/K, which is the time required to complete one cycle
of the center of mass around the center of the trap. These two
time scales appear both in the classical and the quantum-
mechanical analysis. The longest time scale~providedK is
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small! Tesc, which is not present in the classical problem, is
the time it takes for the particle to escape from the trap.

Whereas the classical analysis yields an upper bound of
Kcr50.5 for trapping to occur, no such sharp bound exists in
the quantum-mechanical analysis. This is related to the fact
that one cannot associate an effective potential well with a
finite barrier with the system. Nevertheless it is interesting to
compare the classical bound with the value ofK for which
the exponent in the expression for the quantum-mechanical
lifetime becomes equal to 1: For the uniform-field approxi-
mation, Eq.~67!, Kcr52, and in the WKB approximation,
Eq. ~68!, Kcr5p/2. Thus the quantum-mechanical condition
for trapping to occur is roughly the same as the classical
condition. These results, however, should be taken with cau-
tion since our quantum-mechanical analysis is valid only for
small K.

As an example, we apply our results to the case of a neu-
tron and an atom trapped with a fieldB05100 Oe and
B0 /B'8 510 cm. These parameters correspond to typical
traps used in Bose–Einstein condensation experiments.31–34

The results, being correct to within an order of magnitude,
are outlined in Table I.

We note that in both casesK is very small compared to 1.
Consequently, the calculated lifetime of the particle in the
trap is extremely large, suggesting that the particle~either
neutron or atom! is tightly trapped in this field.

Though the toy model presented in this paper is very
simple, additional studies show that behavior similar to what
we found in this model trap appears also in more realistic
magnetic traps such as those used in Bose–Einstein conden-
sation experiments. For example, a similar analysis of a two-
dimensional Ioffe-like trap35 shows similar behavior when
the classical analysis and quantum-mechanical analysis are
compared. In particular, the relationTesc;exp@2/K# holds
there also.

The problem studied in this paper deals with a spin 1/2
particle. Though this fact has little influence on the solution
of the classicalproblem, the extension to higher spin values
complicates the analysis of thequantum-mechanicalprob-
lem. In this case one has to deal with a (2S11)-component
spinor, and the interaction Hamiltonian no longer connects
the (2S) state to the (1S) state, but only to the (2S11)
and (2S12) states, which forS>5/2 will still be trapped.
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APPENDIX: CALCULATION OF c_ AND Tesc BY
THE WKB METHOD

In this Appendix, we outline the solution of Eq.~44! by
the WKB approximation and calculate the resulting lifetime.
The validity of the WKB approximation is guaranteed by the
following argument: We first note that, forE↑5mB0 , the
local de Broglie wavelengthl(x) is given by

l~x!5
2p\

pE↑~x!u@E↑5mB0

, ~69!

where

pE↑~x!5A2m~E↑1mB~x!!

.A2mmB0S 21
1

2 S B'8 x

B0
D 2D ~70!

is the classical momentum of the particle. Thus the rate of
change ofl over x is

Udl

dxU52p\mm[2m~mB01mB~x!#23/2U]B~x!

]x U. ~71!

Its maximum value is given by

Udl

dxU
max

;
mm\

@2m~mB01mB0!#3/2B8;A\2~B'8 !2

mmB0
3 ;K. ~72!

Hence, in the adiabatic approximation, whereK!1, the va-
lidity condition of the WKB approximationudl/dxu!1 is
satisfied.

In this approximation the wave functionc↑(x) corre-
sponding to the energyE↑ is given by30

c↑~x!5
D

AupE↑~x!u
sinS 1

\ E
0

x

pE↑~x8!dx8D , ~73!

whereD is a normalization constant chosen to be real. The
lower integration limit in the sin~ ! has been chosen as 0 to
make the functionc↑(x) antisymmetric underx→2x.

We still need to evaluate the productD2r(E↑5mB)
which appears when calculatingTesc by Eq. ~58!. We there-
fore temporarily introduce boundary conditions by assuming
that the system is bounded by an infinite potential wall atx
56L/2. The boundary condition atx51L/2 gives rise to
the quantization condition

1

\ E
0

L/2

pE↑~x!dx5np, n51,2,... . ~74!

The boundary condition atx52L/2 is then automatically
satisfied. From Eq.~74!, one obtains the density of states
Dn/DE↑ in the limit of highly excitedstates as

r~E↑!5
1

p\

]

]E↑
E

0

L/2

pE↑~x!dx. ~75!

Using Eq.~70! we rewrite Eq.~75! as

r~E↑!5
1

p\ E
0

L/2 m

pE↑~x!
dx. ~76!

Normalization of the wave function Eq.~73! gives

Table I. Typical time scales for a neutron and an atom trapped with a field
B05100 Oe andB0 /B8;AB0 /B9;10 cm.

Neutron Atom

m g ;10225 ;10222

m emu ;10223 ;10220

Kz ,Kr ;1025 ;1028

vp
21 s ;1026 ;1029

v r
21,vz

21 s ;1021 ;1021

Tescs ;10(105) ;10(108)
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E
2L/2

L/2

uc↑~x!u2dx

.D2E
2L/2

L/2 1

upE↑~x!u
sin2S 1

\ E
0

x

pE↑~x8!dx8D dx

.
1

2
D2E

2L/2

L/2 1

pE~x!
dx5D2E

0

L/2 1

pE~x!
dx51, ~77!

where we have neglected the terms containing fast oscilla-
tions by replacing the sin2 ~ ! term by its average value 1/2.
Substituting Eq.~77! into Eq. ~76! gives

D2
1

DE
5D2r~E↑!5

m

p\
. ~78!

To evaluate the integral in Eq.~60! we use thestationary
phasemethod.36 Using Eqs.~73!, ~46!, and ~61! we rewrite
this integral as

H↑,↓.2 i
\2

2m E c↑* ~x!
du

dx

]c↓
]x

dx5I 12I 2 ,

where we have defined

I 65AE
2`

1`

dx g~x!expf 6~x!,

A[
p\2

4m

B'8

B0
S mvvib

p\ D 5/4

D,

g~x![
x

AupE↑~x!u
,

and

f 6~x![2
mvvibx

2

2\
6

i

\ E
0

x

pE↑~x8!dx8. ~79!

We continue to work outI 1 first: According to the sta-
tionary phase approximation we should first find the pointxs

for which the phasef 1(x) is stationary. This is accom-
plished by solving

] f 1

]x
5

]

]x F2
mvvibx

2

2\
1

i

\ Ex

pE↑~x8!dx8G50 ~80!

for x. Using Eqs.~52! and ~45! and after a few algebraic
steps we find that the only solution to Eq.~80! is

xs
15 i&

B0

B'8
. ~81!

Now we approximate the integralI 1 as

I 15AE
2`

1`

dx g~x!exp@ f 1~x!#

.Ag~xs
1!A 2p

2 f 19 ~xs
1!

exp@ f 1~xs
1!#. ~82!

The evaluation off 1(xs
1) is performed in the following way:

f 1~xs
1!52

mvvib~xs
1!2

2\
1

i

\ E
0

i&B0 /B'8 pE↑~x!dx

5
m

2\
A~B'8 !2m

mB0
S& B0

B'8
D 2

1
i 2

\ E
0

&B0 /B'8 pE↑~ iy !dy

52
p

4K
,

where we used the definite integral

E
0

y
Aa22x2 dx5

1

2
yAa22y21

1

2
a2 arcsinS y

aD for y,a.

The termsg(xs
1) and f 19 (xs

1) are calculated straightforward
with the result that

g~xs
1!5

xs
1

AupE↑~xs
1!u

5 i&
B0

B'8

1

~2mmB0!1/4,

f 19 ~xs
1!52S B'8

B0
D 2 1

K
.

Substituting this together withg(xs
1) and f (xs

1) into Eq.
~82! gives

I 15 i
p\2

2
ApK

1

~2mB0!1/4 S vvib

p\ D 5/4B0

B'8
D expF2

p

4KG .
Likewise, a similar calculation forI 2 gives

xs
252xs

1 , f 2~xs
2!5 f 1~xs

1!,

f 29 ~xs
2!5 f 19 ~xs

1!, g~xs
2!52g~xs

1!,

leading to the result that

I 252I 1 .

By repeating the steps that led to Eq.~67! we find that

Tesc5
1

vvib

1

ApK
expF p

2KG . ~83!
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CONFERENCES

The frantic attendance at scientific conferences has been referred to as a defense of scientific
territoriality, a dead giveaway to our earthy construction. I think it is this and more. It is here, and
not in equations, however correct, that we scientists can express our personalities to our col-
leagues, relish an appreciative smile, speculate on the amount of Carl Sagan’s latest royalty
advance, and exchange names of favorite restaurants. Sometimes I enjoy this as much as the
science.

Alan Lightman,Dance for Two~Pantheon Books, New York, 1996!, p. 99.
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